We investigate the output generation of squeezed radiation of a cavity photon mode coupled to another off-resonant bosonic excitation. By modulating in time their linear interaction, we predict high degree of output squeezing when the dispersive ultrastrong coupling regime is achieved, i.e., when the interaction rate becomes comparable to the frequency of the lowest energy mode. Our work paves the way to squeezed light generation in frequency domains where the ultrastrong coupling is obtained, e.g., solid-state resonators in the GHz, THz and mid-IR spectral range.
I. INTRODUCTION
Experimentally demonstrated in 1965 [1] , Optical Parametric Oscillators (OPOs) have applications both for their classical [2] and quantum properties. In quantum optics, they followed a path of fast advances since the eighties, with numerous theoretical contributions [3] [4] [5] [6] [7] [8] , as well as many experimental improvements [9] [10] [11] [12] [13] [14] . These devices owe their growing interest to a notable feature: the generation of electromagnetic radiation with properties that cannot be predicted by classical Maxwell equations, namely squeezed states and entangled states of light, achieved also in the microwave domain [15] [16] [17] [18] . Apart from their fundamental interest, squeezed radiation enables metrology beyond the standard quantum limit [19] , asymptotically reaching the ultimate Heisenberg limit [20] of noise reduction in a quantum measurement. Additionally, quantum information protocols with continuous variables rely on using squeezed states as a resource [21, 22] , that can be entangled to form cluster states with more than hundreds of nodes [23] [24] [25] .
In this paper, we show how squeezed radiation can be created in linearly interacting light-matter systems by modulating in time the interaction between two offresonant bosonic modes in an unusual dispersive ultrastrong coupling regime. Our results potentially enable the transposition of quantum optical effects to frequency domains unusual for the study of squeezed radiation, such as the THz and the mid-IR where the ultrastrong coupling regime can be experimentally observed.
The ultrastrong light-matter coupling, first suggested in Ref. [26] , became achievable in recent years. Its simplest definition is when the Rabi frequency, the interaction strength between the electromagnetic field and a material system, reaches the order of magnitude of the resonance frequencies of the system, thus breaking the extensively studied rotating-wave approximation. Among examples of experimental systems where this peculiar regime can be observed are cavity embedded doped semiconductors [27] [28] [29] and superconducting devices [30] . The failure of the rotating-wave approximation to describe the coupling between two quantum systems is usually studied in the resonant regime where both systems have the same characteristic frequency. Here we consider an ultrastrongly coupled device in the unusual off-resonant regime. Resonance is achieved by modulating in time the coupling between both bosonic modes, which leads to the emergence of the ultrastrong coupling regime. We show that this situation bears similarities with the case of an OPO, allowing to strongly squeeze radiation, yet with significant differences. An interesting aspect brought to light here, which is a direct consequence of the ultrastrong coupling, is the existence of nontrivial resonance conditions for which the noise spectrum reveals squeezing while displaying peculiar symmetry properties.
Before considering the model used in our work, we briefly recall some essential principles of an OPO, since its non linearities will help us providing some intuition on the obtained results. In a standard optical parametric oscillator a nonlinear crystal is placed inside a cavity and driven by an intense pump field. A nonlinear interaction is thus mediated by the crystal, involving the pump and two other modes of the electromagnetic field, the so-called signal and idler fields. As a result of the parametric down conversion process, one obtains a two mode (signal and idler) squeezed state. The pump field is usually treated classically, and the interaction Hamiltonian of the process, written in a frame rotating at the pump frequency, iŝ
whereâ s (â † s ) is the annihilation(creation) operator of the signal, andâ i (â † i ) is the annihilation(creation) operator of the idler. α Pump is the amplitude of the pump field, assumed real here, and g is the coupling of the nonlinear process. This interaction can lead to the production of two-mode squeezed radiation in the non-degenerate case (ω s = ω i ) and single mode squeezing in the degenerate one (ω s = ω i ).
II. MODELLING THE DISPERSIVE ULTRASTRONG COUPLING
Let us consider the Hamiltonian (inh ≡ 1 units) of two coupled bosonic fields, one describing a cavity mode, while the other describing a bosonic matter excitation or another cavity mode,
whereâ(â † ) is the annihilation(creation) operator of a bosonic mode at frequency ω a , and whereP (P † ) is the annihilation(creation) operator of a non-degenerate bosonic excitation with frequency W . G(t) = G 0 + G mod cos (ω G t) represents the coupling between the two bosonic fields, modulated at a frequency ω G . In the absence of modulation, the Rabi frequency is simply G 0 . This non modulating regime can only lead to squeezing if one of the fields obeys non-linear dynamics such as in Ref. [31] . As mentioned before, the two bosonic modes are non degenerate, and fulfill a resonance condition with respect to ω G , as shown in Fig. 1 (a) and 1(b). A sinusoidal modulation of the Rabi coupling was also considered in Ref. [32] for the study of quantum vacuum radiation, and in Ref. [33] , as a mean to entangle artificial atoms. Also, this Hamiltonian was considered in the strong coupling regime as a strategy to create twomode squeezed states in the microwave range in the nondegenerate case [34] , and one mode squeezing in the degenerate one [16] . In such a coupling regime, the analogy between the Hamiltonian (2) and the usual OPO model is direct, if one considers that the coupling modulation in Eq. (2) plays the role of the pump field in Eq. (1). We stress that this well studied and understood regime is not the scope of the present contribution.
By using the unitary transformationÛ (t) = e iω Gâ †â t ,
Resonance condition of the system frequencies where squeezing cannot be observed in the strong coupling regime : δa = W , where δa = ωa −ωG. (b) Another resonance condition studied here, corresponding to the intuitive way to generate two-mode squeezing in the strong coupling regime : δa = −W . (c) Input-output scheme where the input, a coherent pump field, is sent on the system, and the output, a field coming out of the system, is analysed.
we now move to a frame rotating at ω G , with time dependent terms oscillating at ω G or at 2 ω G . By working in a regime where G 0 , G mod ω G and W < ω G , these terms become fast oscillating ones, and can therefore be eliminated by a well justified rotating wave approximation (see Appendix). In the rotating frame, the remaining term of the light-matter interaction allow us to write the effective Hamiltonian
where δ a = ω a − ω G . In the frame rotating at frequency ω G , the standard procedure of Input-Output theory can be used [35] [36] [37] [38] , as illustrated in Fig. 1(c) . Since in the considered dispersive ultrastrong coupling regime the modulation frequency in much larger than the modulation amplitude, G mod ω G , the relevant spectral band in the dynamics remains around the central frequency ω G and involve only in a negligible way the zero and negative frequencies. In such a configuration, we have explicitly verified that the ultrastrong coupling Input-Output theory which mandatorily requires frequency-dependent damping rates [35] , simplifies and reduces to the standard one. It leads to the following quantum stochastic equations of motion in frequency space:
Γ i (ω) and the terms proportional to κ i (ω) refer respectively to the dissipation kernels and to the Langevin forces, originated from the coupling of each subsystem to its own environment. In the Input-Output formalism, the Langevin forces contain the inputs,â IN (ω) andP IN (ω), considered for each subsystem as a mode of its respective environment. The average part ofâ IN (ω) contains the input coherent drive, whereas its fluctuations contain the noise entering the cavity. For simplicity, we assume that the system is that zero temperature, so that the fluctuations ofP IN (ω) correspond to vacuum noise. It is important to stress again the originality of the regime studied here with respect to the ones previously studied theoretically and experimentally: in the present work, the two bosonic fields are not in resonance, as usually considered. Thus, the coupling is considered as ultrastrong if G mod is a significant fraction of W , which has been arbitrarily chosen to be the lower frequency mode. Therefore, since the two modes are strongly detuned, we call this regime as dispersive ultrastrong coupling. Note that in the absence of modulation, only intracavity squeezed radiation can be produced [35] , since noise reduced radiation emission does not conserve energy. As will be seen in the following, the regime considered here will lead to an exotic output noise spectrum displaying squeezing at unusual resonance frequencies.
III. RESULTS
One can solve the Heisenberg equations (4) and (5) and obtain the relation between the output fieldâ OUT (ω) and the input fieldâ IN (ω). With this input-output relation one can compute the noise spectrum (in dB) of the quadratureX θ = (e −iθâ + e iθâ † )/ √ 2, defined by S X θ = 10 log 10 ( ∆X 2 θ / ∆X 2 coh ). We use the definition ∆X 2 θ = X 2 θ − X θ 2 , and ∆X 2 coh corresponds to the noise of a coherent state. With this definition, the standard quantum limit corresponds to 0 dB, and contributions below this limit correspond to squeezing. We show in Fig. 2 for different values of G mod and of ω G the noise spectra S X θ as a function of the analysis frequency (or pump frequency) ω = ω − ω G (i.e., in the rotating frame), for the orthogonal quadraturesX θ=π/6 andX θ=2π/3 .
The upper panel in Fig. 2 (a) displays the polaritonic splitting, i.e., the eigenenergies of the effective Hamiltonian (3) as a function of G mod , occuring in our model when ultrastrong light-matter interaction takes place. The other panels serve to illustrate this behavior, as we increase the modulation amplitude G mod from top to bottom. We start by discussing the basic physical features involved in the noise spectra of quadrature ∆X π/6,aOUT . The behavior of ∆X 2π/3,aOUT will follow the same principles and will be rapidly discussed afterwards. In the lower panels of Fig. 2(a) one notices that the noise spectra can display squeezing for certain frequencies, corresponding to the system resonances. By analyzing the dependency of squeezing with G mod , we notice that noise reduction below the standard quantum limit is a direct consequence of the ultrastrong coupling regime, and is shown to be more significant as we further increase the modulation amplitude G mod , reaching -3 dB for G mod = 0.4 W . In particular, we can notice that in the lower panels of Fig.  2(a) , the region where ω > ω G leads to the resonance of theâP † (â †P ) terms in Eq. (3), because in the interaction picture these terms are oscillating at δ a − W . In the strong coupling regime, there is no squeezing, since thê a †P † (âP ) terms are rapidly oscillating at δ a + W and G mod W . However, as shown in the lower panels, squeezing appears with the emergence of the ultrastrong limit, for which these terms cannot be neglected and we observe the Rabi splitting of polaritons. As a guide to the eye, we reproduced the polaritonic splitting of the upper panel of Fig. 2(a) in dotted gray lines in the lower panels. Interestingly, the frequency where squeezing is observed for ω > ω G follows well the new polaritonic eigenfrequencies. As for the ω < ω G region of the lower panels of Fig. 2(a) , a different type of resonance condition is observed. This new resonance condition is at the origin of the asymmetry of the noise spectra with respect to ω = ω G . For ω < ω G , the termsâ †P † (âP ) of Eq. (3) are closer to resonance, which occurs for δ a + W = 0, and thus the spectra perfectly follows the shape of the polaritonic splitting. Notice that these terms correspond to the standard OPO regime, described by Eq. (1). Nevertheless, it is important to stress that the observed noise reduction is a single mode property rather than a two mode one, as is the case of the OPO Hamiltonian in the non-degenerate regime.
The above discussion also explains the qualitative behavior of the noise spectra of the quadrature ∆X 2π/3,aOUT . Therefore, we notice that while one polariton mode displays squeezing in one quadrature, the other displays it in the orthogonal one.
We stress that values above 0.5 W were not considered in the present model of G mod , since we kept the constraint G 0 + G mod ≤ W and G 0 ≥ G mod . Nevertheless, according to the considered experimental systems, higher values of the modulation amplitude can be considered, potentially leading to higher squeezing. The particular features of possible experimental implementations will be briefly discussed in this manuscript and detailed elsewhere.
In Fig. 2(b) we show the dependency of the squeezing spectrum with ω G . The upper panel correspond to δ a = W . The second panel from the top stands for δ a = 0, where both spectra are symmetric with respect to the rotating frame origin. The third panel from the top is for δ a = −W/2 and the bottom one is for δ a = −W , thus it is on the positive side of the panel that we see the consequence of the termsâ †P † andâP , in opposition with the first panel. The polaritonic splitting becomes difficult to see since in this regime only the upper polariton leads to squeezing, and the losses are significant (they correspond to an experimental system introduced hereafter). By increasing ω G and |δ a | until δ a = −W , one can observe more than -4 dB of squeezing, as shown in the bottom panel.
IV. DISCUSSION ON THE EXPERIMENTAL IMPLEMENTATION OF THE MODEL
We now discuss some experimental systems to which our results can be directly applied or safely adapted. The basic requirements such systems must satisfy is the realization of the ultrastrong coupling regime, of its time modulation and, finally, the detection of amplitude and phase information of non-classical radiation. Two intrinsically different physical systems that are potentially good candidates for satisfying these conditions are superconducting circuits and cavity embedded semiconductor quantum wells. We will briefly discuss both of them, the achievability of the required conditions and the technological progress enabled by our results.
The ultrastrong limit has been achieved experimentally in cavity embedded semiconductor quantum wells [39, 40] , where one bosonic mode corresponds to the electromagnetic field in the cavity while the other is a collective excitation of a confined electron gas, called the multisubband plasmon. For the derivation of the Hamiltonian (2) for such systems in the case G(t) = G 0 , we refer to Refs. [41] [42] [43] . Note that this Hamiltonian is written in the Power-Zienau-Woolley representation of quantum electrodynamics [41] , which allows one to take into account for the Coulomb interactions and for the quadrupolar term in a very convenient way. Matching the experimental achievability for such systems [39, 40] , the parameters on Fig. 2 would correspond to a plasmon of few THz while the system is pumped at few tens of THz. Correspondingly, the coupling G mod should be of the order of a few THz, allowing to reach the ultrastrong limit considered here. Alternatively, one could also observe a situation where the plasmon is at few tens of THz and therefore the system is pumped at mid-Infrared frequencies. On the experimental implementation of the time modulation in the Rabi coupling, crucial for the generation of squeezing, first demonstrations of time dependent light matter interaction turned on in an ultrafast timescale were observed in Refs. [27, 44] . Even if this is not the exact time dependency discussed in this manuscript, these realizations indicates the possibility of implementing different time dependent light-matter couplings, which is the essential ingredient to the emergence of the ultrastrong limit as described in our model. In addition, the theoretical study of the generation of squeezed states within the framework of already experimentally observed time dependent couplings is an interesting perspective for a future work, but not in the scope of this paper. Regarding squeezing detection, although the state of the art of homodyne detection in the THz and mid-IR ranges is not as advanced as the one involving optical frequencies, experimental demonstrations with the retrieving of both amplitude and phase information exist [45] . One can thus be optimistic about the application of that experimental result to the detection of squeezing. We stress that although it is possible to produce THz electromagnetic waves for such frequencies by using regular non-degenerate OPOs, the generation of single mode squeezed states in this frequency range remains unexploited and unachievable in such experiments [46] [47] [48] . So far, to the best of our knowledge, apart from the present proposal, there are no experimental realizations nor other theoretical proposals for non-classical radiation generation in the THz and the mid-IR domains, even though there is an emerging interest of the community in the study of quantum optics in such frequency ranges [49] .
The oscillation in time of the Rabi coupling used in this work has been experimentally achieved in superconducting systems [34, 50] , where the ultrastrong coupling limit has also been reached [30] . In such systems, the two bosonic fields studied here would represent the quantized field of two non-degenerate coplanar cavities coupled by a non-linear superconducting element, as a superconducting quantum interference device, an architecture demonstrated in Ref. [18] . In this type of systems, single mode squeezed radiation can be created for frequencies from the few to tens of GHz, and there are well developed experimental techniques for both homodyne [51, 52] and heterodyne [53, 54] detections.
V. CONCLUSION
In conclusion, we have shown how the dispersive ultrastrong interaction, an original coupling regime of bosonic systems, can lead to single mode squeezed radiation emission, when modulated in time, in a wide variety of frequency ranges, so far unexplored for quantum optical purposes. We provide an extensive discussion and interpretation of our results that can be applied to experimental systems at very different energies. We specifically discussed two different experimental set-ups as suitable candidates to demonstrate, with current technology, our results. With the perspective of improvement of the detection and of the capability in modulating the lightmatter coupling on a very short timescale, squeezed light in these frequencies may be used for spectroscopy [55] , interferometry [56] , or precision measurements [57] . Finally, a natural perspective of our results is investigating the possibility of two mode squeezed states generation in the ultrastrong coupling regime.
